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1. INTRODUCTION 
Let E be a real Banach space and P a cone in E. If A: P, + E is com- 
pletely continuous and weakly inward, A obviously has at least one fixed 
point on P,. But does A have multiple fixed points on P,? When A is still 
a mapping from P, into P (certainly A is weakly inward), this problem can 
be resolved (cf. [ 11). But when A(P,) $ P the problem just stated is very 
difficult since weak inwardness is a very weak condition. 
In this paper we establish the existence of three positive fixed points for 
weakly inward mappings, in an extension of a theorem of Leggett and 
Williams (cf. Cl]). Now, for the sake of convenience, we recall that P is 
a cone in E if P is a closed convex set in E such that tP c P for t >, 0 
and Pn(-P)= (0) and a given mapping A defined on a closed convex 
set C is said to be weakly inward if ALE Z&x) = Z,-(x) and Z,(x) = 
(x+t(y-x):t>/OandyEC}. 
2. A KIND OF FIXED POINT INDEX 
In this section we introduce a kind of fixed point index, which will be 
used to obtain the existence of three fixed points for weakly inward map- 
pings in the next section. For this purpose we first recall some well-known 
results about weakly inward mappings, which can be found in [2]. 
LEMMA 1. Let E be a real Banach space, D a closed convex subset in E, 
and F: D -+ E. Then F is weakly inward if and only if 
lim t ‘d(x+t(Fx-x),D)=O for each x E D, (1) r--to+ 
where d denotes the distance to D. 
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LEMMA 2. Let D be a closed convex set in a real Banach space E such 
that D has interior points and I;: D -+ E a weakly inward mapping. Then 
Fx-x,#t(x-x0) for t> 1, (2) 
where x0 is any interior point in D. 
LEMMA 3. Let E be a real Banach space, D closed convex and bounded 
in E, f: D -+ E continuous and such that (1 f(x) (( <c on D, and S(f (B)) < 
KS(B) for some k > 0 and any subset B of D, where (1. (1 denotes the norm on 
E and S( .) denotes Kuratowski’s noncompactness measure. Suppose that f 
satisfies 
lim t-’ d(x + tf(x), D) = 0 for every x E aD, 
rho+ (3) 
where aD is the boundary of D. Then the initial value problem u’ = f (u), 
u(O) = x E D has a solution on J= [O, a J for each a such that u(t) E D for all 
t E J. 
LEMMA 4. Let E be a real Banach space, D in E closed convex such that 
there exists a metric projection r from E onto D, i.e., r: E -+ D is continuous 
bounded, rx = x for all x E D, and d(x, D) = d(x, rx) for all x E E\D. Suppose 
that for every 0 6 t < 1 operator H( t, .): D -+ E is weakly inward. Then for 
every 0 < t < 1 operator H(t, r( .)): 4, + E is also weakly inward, where c is 
any fixed positive number and D,. = {x E E: d(x, D) < l/c}. 
Now we are in a position to introduce a kind of fixed point index for 
weakly inward and continuous mappings defined on a compact set in E. In 
what follows, we will suppose that (1. [( denotes the norm on E. 
LEMMA 5. Let E be a real strictly convex Banach space, D a compact 
convex set of E such that 0 ED, and A: D --* E a weakly inward and con- 
tinuous mapping. Suppose that V is a relatively open set in D and A has no 
fixed points on the boundary of V. Let V,, = r-‘(V)n D, for n= 1, 2, . . . . 
where D, = {xe E: d(x, D) < l/n}. Then V,, is a bounded open set in E for 
n = 1, 2, . . . . Ar: p,, + E is a completely continuous operator such that Leray- 
Schauder degree deg( I - (1 - l/n) Ar, V,, , 0) makes sense, and 
deg((l-(1-!-)Ar, V~,O)=deg(.Z-(l--n$)Ar, V,,+,,O) (4) 
when n is large enough, where r: E -+ D is the metric projection. 
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Proof. It is obvious that V, is a bounded open set of E and 0 E V, for 
n = 1, 2, . . . . Let operator Y from E onto D be as follows: 
X, XED 
Tx = y such that d(x, y) = n(x, D), ~$0. 
Since E is a real strictly convex Banach space and D is compact in E, 
Y: E -+ D makes sense and is continuous bounded. Note that it follows from 
D is compact and A is continuous on D that A is bounded on D. Then Ar: 
E -+ E is completely continuous; in particular, Ar: Fn -+ E is completely 
continuous. 
To prove that deg(Z- k,Ar, V,,, 0) makes sense we show that k, Ar has 
no fixed points on the boundary of I’, when n is sufficiently large, where 
k, = 1 - l/n. From I/, = U n D, and U = r-‘( V) it follows that 
aV, c (dun b,) u (On do,), and hence it follows from Lemma 4 with 
H(t,.)=AforO<t<l and(3)withx,=Othat 
k, Arx # x for XE OnaD,, n= 1,2, . . . . (5) 
On the other hand, if there exist ni -+ +cc and x,, E XJn D,, such that 
k/h,, = x,,, there must exist a subsequence (xn: > of ix,,} such that x,; 
converges to u as n: goes to infinity since k, -+ 1 and Ar is completely 
continuous. It is clear that u E aU n D = aV and u = Aru = Au. This is in 
contradiction with A has no fixed points on aV. Hence there exists a 
positive integer N, such that 
k,Arx#x for xEaUnD,, n2N,. (6) 
By (5) and (6) Leray-Schauder deg(Z- ( 1 - l/n) Ar, I’,, 0) makes sense for 
n2N,. 
Finally we show that deg(Z- k,Ar, I/,, 0) = deg(l- k,, ,Ar, V,, 1, 0) 
when n is large enough. For any fixed n > N, we define an operator H, on 
[0, l] x ij,, by the equation 
H,(t,x)=(l-t)k,Arx+tk,+,Arx 
=((l-f)k,+tk,+,)Arx for Odtdl,x~D,. 
Evidently, H( . , .): [IO, l] x 6, -+ E is completely continuous and H, can be 
taken as an operator defined on [0, l] x 6, + i because D, + , t D, for 
n = 1, 2, . . . . We now show that 
ff,(t, x) z x forOdtdl,xEaV,+, (7) 
when n is sufficiently large. In fact, on the contrary, there must exist 
ni+ +m, +Eav,+,, and 0 < t,, d 1 such that H,(t,, x,,) = x,,. Without 
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loss of generality we can assume that t,, + t* and Arx,, + u since {t,,] is 
a bounded real number sequence and Ar is completely continuous. Hence 
Hnr(tnr, x,,,) -+ (1 - t*) u + t*u = U, i.e., x,,-+ w and Au= U. By Lemma 4 
with H(t, )=A for Obtdl, (3) with x,=0 and O<(l-t,,)k,,+ 
tn,k, + 1 ~1, we know that x,,EaUnD,,, and uEdUnD=aV. This is in 
contradiction with there being no fixed points of A on aV. Thus (7) holds 
when n is sufficiently large. It follows from invariance under homotopy of 
Leray-Schauder degree that 
deg(Z- k, Ar, V, + , , 0) = %(I- k, + 1 Ar, V, + , , 0), (8) 
where n is large enough. 
On the other hand, for any x E V,,\ V, + , we have l/(n + 1) d c = 
d(x, D) < l/n, so x E aD,. and it follows from Lemma 4 with H(t, .) = A for 
0 d t 6 1 and (3) with x0 = 0 that k, Arx #x for n = 1, 2, . . . . Hence by 
additivity of Leray-Schauder degree 
deg(Z- k,Ar, V,*, 0) = deg(l- k,Ar, V,, ,, 0) (9) 
holds for n = 1, 2, . . . . Finally by (8) and (9) 
degU-k,Ar, V,, O)=degU-k,,,, Ar, V,l+l, 0) 
holds when n is sufficiently large. 
This completes the proof of Lemma 5. 
It is easy to see that the following definition makes sense. 
DEFINITION 1. Let E be a real strictly convex Banach space, D a 
compact convex set in E, 0 ED, and A: D -+ E a continuous bounded and 
weakly inward mapping. Suppose that V is a relatively open set in D and 
A has no fixed points on the boundary of V. Then we define the fixed point 
index of A over V with respect o D as 
where r and V, are identical with those in Lemma 5, and deg( ., ., .) is the 
Leray-Schauder degree. 
THEOREM 1. Let E be a real strictly convex Banach space, D a compact 
convex set in E, 0 ED, and A: D -+ E a continuous and weakly &ward map- 
ping. Suppose that V is a relatively open set in D and A has no fixed points 
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on the boundary of V. Then the fixed point index defined in Definition 1 
satisfies: 
(Gl) (Normality) i(y, V, D) = 1 provided that YE V; 
(G2) (Additivity) i(A, V, D) = i(A, V,, D) + i(A, V,, D), 
where V, and V, disjoint open subsets of V such that Ax fx for every 
XE V(VlU VA; 
(G3) (Invariance under homotopy) i(H(t, .), V, D) is independent of 
t E [0, l] whenever H(t, .) is continuous and weakly inward for 0 Q t d 1; 
(G4) i(A, V, D) = i(A, VO, D) provided that V, is an open subset of V 
such that Ax # x for every x E v V, ; 
(G5) (Solvability) A has at least one fixed point in V provided that 
i(A, V, D) # 0; 
(G6) Suppose that F is a continuous and weakly inward mapping on D 
such that Fx = Ax for all x E 8 V. Then 
i( A, V, D) = i(F, V, D); 
(G7) i(A, D, D) = 1. 
Proof. It is clear that (Gl) holds. 
(G2) Let Vi, n = r-l( Vi) n D, for i = 1, 2 and n = 1, 2, . . . . Then there 
is a positive integer N such that for n > N 
deg(l- k&, V,, Oh 
de&z-k,,Ar, VI,,,, 01, 
deg(Z- k,Ar, V,, n, 0) 
make sense and are independent of n while k, Ar has no fixed points on 
v( V, u V,), where k, = 1 - l/n. We now show that k,Ar has no fixed 
points on i;;,\( I/,,, u VSn) when n is large enough. In fact, if there 
are ni-+ +co and X,,E V,,\( V,,., u Vz,J such that k, Arx,,= x,,. Since 
D is compact we can assume that x,, converges to 24 as ni goes to 
infinity without loss of generality. It is clear that UE B and Au = u. 
Thus U$ r\(V, u V2). From X,,E ~~,\(V,,.,u Vz,n,)=(r-l(V)nK)\ 
((r-‘(V,)nD,)u(r’(V,)\D,)) and x,$aD,, by (3) with x,=0 it 
follows that X,,E (r-‘o\((r-‘( V,) u r-‘( V2))) n D, for ni large enough. 
This shows that u is in (r-l( V)\(r-‘( V,) u r-l( V,))) n D = q( V, u V,). 
This is in contradiction with u 4 q( V, u V2). Therefore there is a positive 
integer N* such that 
k,Arx #x for XE P,\(V,,.u Vz,.),n2N*. (10) 
409/148/2-12 
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By additivity of Leray-Schauder degree, 
deg(l- k,Ar, V,, 0) = deg(l- k,Ar, If,, n, 0) 
+ deg(I- k,Ar, Vz, ,,, 0), n 2 N*. 
Hence (G2) holds by Definition 1. 
(G3) It follows from Lemma 4 that H(t, r( .)): B,. + E is weakly 
inward for O< t< 1. Then by (3) with x,=0 
k,,Mf, r)x)) Z x for x E aD, and 0 d t ,< 1, n = 1, 2 ,..., 
where k, = 1 - l/n. Using the same discussion as that in the proof of (G2) 
we know that for n sufficiently large 
k,H(t, rx) #x for xeaV, and O<t< 1. 
Hence deg(Z- k, H(t, r.)), I’,, 0) is independent of t by invariance under 
homotopy of Leray-Schauder degree and (G3) holds by Definition 1. 
(G4) This can be proved easily by (G2) and (G5). We omit the 
proof here. 
(G5) Since i(A, V, D) #O, there is a positive integer N such that 
deg(Z- k, Ar, I’,, 0) # 0 for n > N. By solvability of Leray-Schauder degree 
there is an x, E V, such that k, Arx, = x, for n > N. From Ar is completely 
continuous and k, goes to 1 as n goes to infinity it follows that there exist 
a subsequence {xn,} of {xn} such that Arx,( converges to x* as ni goes to 
infinity. Therefore x,~ converges to x* also as n, goes to infinity. Clearly, 
x* E I? Hence Ax* =X* and x* E V. 
(G6) Let H(t,x)=tAx+(l-t)R’xforO<t<l andxED.Thenitis 
easy to verify that H(t, . ): D -+ E is weakly inward for 0 < t 6 1 and H( ., . ): 
[0, l] x D + E is completely continuous. From H(t, x) #x for 0 < t d 1 
and x E 8 V it follows that 
i(A, V, D) = i(F, V, D) 
by virtue of (G3). 
(G7) It is obvious that D is relatively open in D and the boundary 
of D in D is empty. Define an operator D on D by the equation 
Fx=z for all XED, 
where z is some fixed point of D. Let H(t, x) = tAx + (1 - t) Fx for 0 < t < 1 
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and x E D. Then H(t, . ): D + E is continuous and weakly inward for 
0 < t 6 1. From 8D = Qr it follows that H(t, x) # x for x E aD, and hence 
i(A, D, D) = 1 
by virtue of (G3) and (Gl). 
This completes the proof of Theorem 1. 
3. MULTIPLE POSITIVE FIXED POINTS 
In this section we use the fixed point index defined in the above section 
to show that A has at least three positive fixed points on P, if A: PC + E 
is weakly inward and completely continuous and satisfies some additional 
conditions. In what follows, E is a real Banach space, P is a cone in E, and 
P, = {x E E: llxil < r, x E P} for r > 0. S(G) denotes Kuratowski’s non- 
compactness measure for any bounded set G of E, of which the definition 
and properties can be found in [3, 21. A given nonnegative continuous 
functional h(x) defined on P is said to be concave if 
h(tx+(l-t)y)ath(x)+(l-t)h(y) foranyx,yEPandO<t<l. 
We suppose also that P(h, a, 6) = {x~ P: a <h(x) and llxll <b} for 
0 <a < b. Evidently, P(h, a, b) is a bounded closed convex set. 
We now show the main result of this paper. 
THEOREM 2. Let E be a real Banach space, P a cone in E, and A: P, + E 
weakly inward and completely continuous. Suppose that there exists a 
nonnegative continuous concave functional h(x) defined on P such that 
h(x) < 1(x/I for x E P,. Assume further that there exist 0 < d < a < b 6 c such 
that 
(I) {x E P(h, a, b): h(x) > a} # a, and h(Ax) > a whenever XE 
P(h, a, b); 
(II) Ax # tx provided that x E aPd and t > 1; 
(III) h(Ax) > a provided that x E P(h, a, c) and llAx[l > b. 
Then A has at least three fixed points on P,. 
Proof: Set U, = (x E P,: 1(x/I cd) and V, = {x E P: x E P(h, a, c) and 
h(x) > a}. It is obvious that U, and I/, are two disjoint nonempty bounded 
relatively open sets of P,. A point v is chosen such that v E V,. 
In order to use the fixed point index defined in the above section we first 
show that there exists a compact convex set D of P, such that A is weakly 
inward on D as well. 
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Set DO=&, 
D, = cO(((0, u)( u A(P,)) + B,“(O)) n D,- 1, n = 1, 2, . . . . 
where q,, is positive and goes to zero as n goes to infinity and 
&JO) = {x E E: (IxIJ < qn}. Ob viously, D, is no empty and bounded closed 
convex and D, + , c D, for 12 = 0, 1, 2, . . . . Since A(P,) is relatively compact, 
we obtain 
S(D,)62q,-+O as n-t +co. 
Set D=fl,,, D,. Then D is not empty and compact convex. By mathe- 
matical induction and Lemmas 1 and 3 it is easy to verify that A is weakly 
inward on D, and even weakly inward on D. Set U = U, n D and 
V= V, n D. From 0 ED and v E D it follows that U and V are disjoint 
relatively open sets of D. Let X be the real Banach space spaned by 
A(P,) u D. Without loss of generality we can assume that X is strictly 
convex, so we can prove 
i(A, U, D) = 1 (11) 
without difficulty, where i( ., ., .) is the fixed point index defined in the 
above section. 
On the other hand, for any x E d Vc V, , if Ax = x then /z(x) = a and we 
have either x E P(h, a, 6) or l/x/l > 6. If x E P(h, a, b), then h(x) = h(Ax) > a 
by (I). We have arrived at a contradiction. If (1x1( >b, then IlAxll = llxll > b 
and h(x) =h(Ax)>a by (III). It is also in contradiction with h(x)=a. 
Hence Ax # x for all x E 8 V, and i(A, V, D) makes sense. Let operator H on 
D be 
H(t, x) = tAx + (1 - t) v for O<t<l,x~D. 
It is easy to verify that H(t, .): D + E is continuous and weakly inward for 
0~ t < 1. If for some (t, X) E [0, l] x 8V we have H(t, x)=x, then h(x) = a 
and l/Axil is either larger than b or not larger than b. First we suppose that 
llAxl/ > b. It follows from (III) that h(Ax) > a. Hence 
h(x)=h(H(t,x))=h(tAx+(l-t)o) 
2 th(Ax) + (1 - t) h(u) > a. 
This is in contradiction with h(x) =a. Now we suppose that l/Axll Q b. 
Then 
llxll = lItAx+ (1 -t) 4 
d t IlAxll + (1 -t) II4 < 6. 
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This shows that x E P(h, a, b). Therefore h(Ax) > a by (I), and hence 
h(x) = h(tAx + (1 - t) u) 
3 th(Ax) + (1 - t) h(u) > a. 
We have also arrived at a contradiction. Thus H( t, x) # x for all x E dV and 
0 < t < 1. By (G3) and (Gl) in Theorem 1 we obtain 
$4, v, D) = i(u, v, D) = 1. (12) 
Finally from i(A, D, D) = 1 and (G2) in Theorem 1 it follows that 
i(A,D\(Uu V,D) 
=i(A,D,D)-$4, U,D)-$4, V,D) 
=1-1-l= -1. (13) 
By (ll), (12), (13), and (G5) there exist xr~UcU,, X*E I/C I/,, and 
x3 E D\( U\V) c P,\( U, u V,) such that Axi = xi for i = 1, 2, 3. 
This completes the proof of Theorem 2. 
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